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ABSTRACT

Modelling of asset ‘values’ (prices or returns) is an important problem in finance. We

describe the orthogonal decomposition of asset value time series into principal and

independent components and show that with fat-tailed asset value distributions, the

principal components show high fourth order dependence (i.e. have high cokurtosis)

whereas independent components do not. Fitting stochastic processes to independent

components and implementing these processes with discrete state transition graphs, is

therefore much simpler since these models can be considered separately for each asset.

Reduction of dimensionality by using only a subset of independent components is in-

vestigated and the resulting errors analysed. These errors are themselves modelled by a

nonlinear model of the chosen set of independent components. A neural network (NN)

is used for this purpose in the present study. An overall hybrid model of asset values

results by combining the parametric stochastic model of the independent components

with the non-parametric NN.

Keywords: Principal & Independent components, Neural networks, Hybrid models

1 Introduction

One of the most basic and often encountered problems in quantitative finance is con-

cerned with the modelling of asset ‘values’ (prices or returns). Asset values vary

∗Support for this work was provided by the IST Framework 5 Programme of the European Union, Con-
tract IST2000-29405, Eurosignal Project
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stochastically with time, but the nature of the underlying price dynamics depends on the

nature of the asset. Stock prices, for example, are reasonably approximated (to a first

degree) by Geometric Brownian Motion (GBM) and Black and Scholes derived their

famous option pricing formula by making this assumption, [Black and Scholes 1973].

A direct consequence of assuming GBM for stock prices is that asset returns at any

future time t are normally distributed. Even a cursory examination of asset returns,

however, reveals the existence of “fat tails” indicating that extreme returns happen with

much greater frequency than predicted by the normality assumption. The observed re-

turns distribution is leptokurtic (see figure 1).

If the “asset” is an interest rate (or a commodity like oil) then in the long run its
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Figure 1: Asset returns are leptokurtic.

value (rate or price) does not exhibit growth, but tends to revert to a long term mean.

Again, if the dynamics are modelled by a diffusion equation with a mean-reverting

(MR) deterministic term, [Vasicek 1977], the probability of extreme events occurring

are underestimated as compared with empirical observations [Cont 2000].

1.1 Direct modelling of asset values

Let us first consider an individual asset. The fat tails exhibited by the asset value

dynamics can be modelled in a number of ways.

Adding jumps If we consider asset prices, then jumps can be introduced into the pro-
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posed equation so, for example, GBM+Jumps can be written as

dxt

xt
= μdt+ σdWt + νdqt

where xt is the asset price, μ and σ are the (constant) drift and volatility param-

eters, Wt is a random walk, ν is the size of a possible jump and qt is a Poisson

process, independent of Wt, so that in a time interval [t, t + dt]: Prob(dqt =
1) = λḋt, where λ is the (constant) jump intensity. The jump size ν can be ei-

ther assumed to be a constant, or a Normally distributed variable, or chosen from

a (small) set of equilikely jump sizes. Parameter estimation is (in general) quite

simple.

Maximum Likelihood Estimation (MLE) is possible in the simple cases, because

the pdf of GBM+Jumps can then be written analytically. (It is closely related

to “the mixture of two Normals”.) Maximizing the loglikelihood is straightfor-

ward with a sequential quadratic programming algorithm. We should note here,

however, that MLE leads to an apparent overestimate of the jump intensity λ,

with many small jumps being used to explain movements that can also be easily

explained (almost as well) by the diffusion term.

The authors’ experience is that recursive digital filter estimation of the parame-

ters in GBM+Jumps is a superior method, declaring only large movements (that

are unlikely to be produced by diffusion) as jumps and estimating the parameters

accordingly.

Stochastic volatility It is well-known that fat tails can also be explained by assuming

the volatility to be stochastic. Perhaps the simplest such model is GBM+GARCH,

namely a model where xt follows a GBM-type equation, except for the fact that

the volatility in this equation is not constant but itself follows a GARCH(1,1)

process. Thus (in discrete time) we have

δxt

xt
= μδt+

√
vt

√
δtεt

vt = ω + αε2t + βvt−δt

where μ, ω, α and β are constant parameters. Again the pdf of xt is known

analytically and MLE can be used to calibrate the GBM+GARCH model. Other

models that can be fitted and for which good calibration procedures exist are

GBM+Jumps+GARCH and MR+Jumps+GARCH.

2 Modelling a basket of assets

Now consider the case of a basket of assets indexed n = 1, . . . , n̂. The time series of

the values (prices or returns) of each asset can be modelled as above. If we employ a
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GBM+Jumps model (for example) we can use dWt(n) and dqt(n) for the stochastic

processes corresponding to asset n. Now, however, we must also consider the correla-

tions

Corr(dWt(n′), dWt(n′′)) and Corr(dqt(n′), dqt(n′′)); n′ �= n′′ = 1, . . . , n̂.

Calibration now becomes complex, inaccurate and the number of parameters to be es-

timated becomes very large.

2.1 Principal components

A well-known and useful procedure for representing a basket of assets is by using

principal components (PCs). Let Aτ̂×n̂ be a matrix whose column n = 1, . . . , n̂ is the

time series of the values of asset n; i.e. aτn is the value of n at time τ = 1, . . . , τ̂ . The

principal components Bτ̂×n̂ can be written in the form

Bτ̂×n̂ = Aτ̂×n̂ × Vn̂×n̂ ×Dn̂×n̂

where Dn̂×n̂ is a diagonal matrix of eigenvalues in descending order and Vn̂×n̂ is a

matrix of eigenvectors. The columns (PCs) of matrix Bτ̂×n̂ can be considered as time

series themselves and have the property that they are orthogonal (uncorrelated). Given

B, A can be reproduced exactly by a linear transformationAτ̂×n̂ = Bτ̂×n̂Φn̂×n̂ where

Φ is a matrix of ‘weights’, i.e. φpn is the ‘weight’ of PC p towards asset n.

It is also well-known that A can be approximated by keeping and using only the first

p̂ (say) PCs and ignoring (setting to 0) PCs p̂ + 1, . . . , n̂. The approximation is then

given by

Aτ̂×n̂ ≈ Bτ̂×p̂Φp̂×n̂ (1)

Note that

• If the asset returns are normal, then the PCs are normal.

• If the asset returns are normal, then the PCs being uncorrelated implies that that

they are also independent.

Unfortunately, fat-tailed returns render PCs both not normally distributed and depen-

dent. As an example, consider the (alphabetically) first 16 assets of the FTSE100 index

and select the time series to cover the period 1 April 1996 to 31 March 2002, giving

a total of over 900 observations for each time series. Consider the first 5 PCs in the

PC-decomposition of these 16 time series. Although the second-order cross moments

(covariances) among the PCs are zero, the fourth-order cumulants (cokurtosis) of the

PCs are by no means zero. Figure 2 shows the projection of the 4-dimensional tensor

of these (normalized) cumulants among the PCs onto a 2-D plane.

The peaks along the diagonal are the kurtosis terms of each PC and the off-diagonal

peaks are the “co-kurtosis” terms which are clearly non-zero. These represent the co-

movements of the fat-tails of the distributions of the PC time series.
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Figure 2: Fourth-order cumulants of 5 principal components projected onto a 2-D
plane.

2.2 Independent components

Consider the principal component matrix Bτ̂×p̂ whose columns represent the time se-

ries of the first p̂ principal components of the original time series matrix Aτ̂×n̂. The

independent components (ICs) Cτ̂×p̂ of Bτ̂×p̂ can be written in the form

Cτ̂×p̂ = B̃τ̂×p̂ ×M−1
p̂×p̂

where B̃ is B normalized so that the mean and variance of each column is 0 and 1

respectively and where M−1 is a transformation matrix. The columns of matrix Cτ̂×p̂

can again be considered as time series.

From equation 1 we can write

Aτ̂×n̂ ≈ Cτ̂×p̂Ψp̂×n̂ (2)

where Ψ is an easy to compute matrix of ‘weights’. By a suitable choice of the transfor-

mation matrix M , ICs maintain the same second-order cross moments between them-

selves as found amongst the PCs, i.e. they are orthogonal to each other (with zero

covariances). In addition, ICs can be made independent of each other, which in prac-

tice, means making the fourth-order cross moments (co-kurtosis) between them to be

zero. Considering the earlier example, figure 3 shows the corresponding projection of

the tensor of fourth-order (normalized) cumulants among the ICs onto a 2-D plane.
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Figure 3: Fourth-order cumulants of 5 independent components projected onto a 2-D
plane.

The peaks along the diagonal (i.e. the kurtosis terms of each IC - prior to normaliza-

tion) are much larger than for the PC case, but the off-diagonal terms (the co-kurtosis)

are now virtually zero.

2.3 Advantages of ICs over PCs

It is clear that we can model a basket of original assets by decomposing their value

(return or price) time series into PCs or ICs and modelling these. The PCs/ICs can

be modelled by stochastic processes, for example GBM+Jumps+GARCH and if these

models are implemented as discrete state space transition graphs then the values of the

original assets can be reconstructed at any vertex of this graph from the values of the

PCs/ICs at that vertex. If the PCs/ICs are independent, then this approach has a number

of advantages over modelling the asset values directly.

For example, implementing multidimensional correlated asset value dynamics by an

arbitrage-free state space transition graph, is not a simple task. On the other hand,

modelling the (independent) PCs/ICs would only require a separate one-dimensional

graph to be constructed for each PC/IC, a very much easier task. Modelling the com-

bined state space transition graph in this case, can then be done either by forming the

product-graph of these separate graphs, or by other algorithms. It is worthwhile to

note here that if the PC/IC values satisfy the no-arbitrage conditions on the combined
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graph then the reconstructed asset values on this graph also satisfy these conditions

[Christofides, Christofides and Christofides 2000].

The above advantage of modelling PCs/ICs instead of modelling the assets directly,

disappears for the case of PCs (but not for ICs) when the assets have pronounced fat-

tailed distributions. This is due to the fact that the PCs can no longer be treated as

independent, but the ICs can.

3 Reduction of dimensionality

Referring to the earlier example, figure 4 shows the time series of the 5 ICs and fig-

ure 5 shows the approximate reconstruction of price time series of the first two assets

(Abbey-National and Amersham). Similar results apply for the other assets. 1

Obviously, the more ICs one uses for the reconstruction, the better the approximation.

With n̂ ICs exact asset value replication results. Figure 6 shows the sum of errors for

all 16 assets in the example (measured in terms of RMS value) remaining after using

1, . . . , 16 ICs.

3.1 A neural network (NN) error approximator

It is clear from figure 6 that as more and more ICs are used, their individual contribution

towards error reduction decreases. A large part of the signal is accounted for by a linear

combination of a few ICs. Although the remaining n̂-dimensional error signal in the

approximation by p̂ ICs, is linear in the remaining n̂− p̂ ICs, n̂− p̂may be very large. It

may, therefore, be possible to consider non-linear combinations of the already chosen p̂

ICs to explain part of the remaining error signal. The error time series remaining after

the linear approximation by p̂ ICs, are given by

Eτ̂×n̂ = Aτ̂×n̂ − Cτ̂×p̂Ψp̂×n̂

We now construct a NN to be a nonlinear approximator to these error time series as

follows.

There are p̂ input vertices, the pth one corresponding to the pth independent compo-

nent. The input into this vertex at time τ is cτp (see figure 7). There is one hidden layer

of (say) ĥ neurons, each of which has a radial basis function as its transfer function.

There are n̂ output vertices, the nth one corresponding to the nth asset. The output

1Note that the original asset prices are normalized (the price on 1 April 1996 is set to 100) before PC/IC
analysis is performed.
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Figure 4: Time series of 5 independent components for the example.

from this nth output vertex at time τ is the estimate ẽτn of the error eτn. The predicted

value of aτn is then given by
∑p̂

p=1 cτpψpn + ẽτn.

4 Forecasting results

We evaluated the forecasts resulting from the hybrid model applied to the FTSE-100,

DJIA, Nasdaq, and DAX, baskets and two artificially constructed bond baskets of 20

bonds each. (See table 1). Basket ‘Bonds1’ is composed of US Treasury bonds and

‘Bonds2’ of corporate bonds of various ratings. Forecasts were made of prices/yields

(for stocks/bonds) for every stock/bond in the basket and the average RMS forecast

error of all the items in the basket is reported. Forecasts are also made for the volatility

of these prices/yields. The hybrid model had 7 independent components and used

GBM+Jumps+GARCH for the modelling of the IC time series. A NN with 5 neurons
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Figure 5: Approximate asset prices from 5 independent components.

in a single hidden layer was used in the hybrid model. The hybrid model was evaluated

against “traditional” methods, in this case a GARCH(1,1) model applied directly to

the asset prices/yields and calibrated by a maximum log-likelihood method. Starting 1

April 1998 and using daily data for the previous 3 years, a forecast was made 6 months

ahead. These 6-month forecasts are made on a rolling-horizon basis, once a month

until 1 April 2002. The results reported in table 1 are based on the averages of these 48

forecasts.
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components.
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Time-series GARCH, % error Ind. Comp., % error Ind. Comp. + NN, % error
Value Vol. Value Vol. Value Vol.

FTSE100 3.41 18.3 3.11 16.9 3.02 15.5

DJIA 3.10 14.7 2.85 13.0 2.71 12.3

Nasdaq 4.09 29.4 3.52 24.1 3.32 23.0

DAX 3.79 21.0 3.38 20.0 3.31 18.2

Bonds1 8.25 32.1 7.60 28.5 7.16 26.9

Bonds2 17.42 51.8 14.05 44.3 12.17 38.5

Table 1: Comparison of the performance of different models.
Errors shown are unweighted RMS averages of the errors in each of the assets forming
the index.
Number of ICs used, 7. Number of neurons in hidden layer of NN, 5.
Predictions of values (prices for stocks, yields for bonds) after 6 months. Predictions
of volatility is the average over the 6th month.
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